Abstract. Let ( , ) : L x L -► Z be a nondegenerate symmetric bilinear form on a finitely generated free abelian group L which splits as an orthogonal direct sum
Introduction
The following question arose from the joint work of Ebeling and Okonek on diffeomorphisms of algebraic surfaces.
Question. Let ( , ) : L x L -» Z be a nondegenerate symmetric bilinear form on a finitely generated free abelian group L. When, if ever, does there exist an infinite family of isomorphic finitely generated subgroups (Ta)aez of Autz(L, ( , )) such that for a ^ x, Ta is not conjugate to TT in Autz(L,( , ))?
In this paper, we establish the existence of such infinite families (r<T)<7€j; of nonconjugate isomorphic finitely generated subgroups when (L, { , )) splits as an orthogonal direct sum (L,{ ,))*{Lu{, >)-L(Ia,< » >)-L.(£s,< , )) in which (Lx, ( , )) has signature (2, 1), (L2, ( , )) has signature (22, 1) with 22 > 2, and (L3, ( , )) is either zero or indefinite with rkz(Z,3) > 3. The parameter set I may be thought of as an infinite subset of Autz(L, ( , )). The construction of the groups (Ta)a€i, uses a variation on the methods of our earlier paper [3] ; in addition, the main theorem of [3] is needed to show finite generation. In §1, we recall some basic facts about orthogonal groups and integral quadratic forms. The necessary results from [3] are reviewed in § §2-3, and the families (Ta)aez are constructed in §4 (Theorems 4.4 and 4.5).
This work was done while the author was visiting the Max-Planck-Institut für Mathematik, Bonn. We wish to thank Christian Okonek for raising the question here considered. Especially we wish to thank Professor Hirzebruch and the staff of the MPI for their hospitality and help. In addition, we are grateful to the referee for pointing out some errors in an earlier draft, and for suggesting the use of a result of Millson [6] to simplify the discussion.
Integral quadratic forms and their arithmetic subgroups
Let ( , ):LxL->Zbea nondegenerate symmetric integral bilinear form on a free abelian group L of finite rank 222, say. (L, ( , )) is said to be isotropic (over Z) when there exists a nonzero element x £ L such that (x, x) = 0; otherwise (L, ( , )) is said to be anisotropic. Put T = Autz(L, ( , )). The associated real form ( , ):L®RxL(g>R->R is diagonalisable as
assigning to (L, ( , )) the signature (p, q) where p + q = 222 ; T imbeds as a discrete subgroup of finite covolume in the group AutR(L®R, ( , )) = 0(p, q), and acts properly discontinuously as a group of isometries of the symmetric space of 0(p, q). Moreover, T is cocompact precisely when ( , ) is anisotropic. (When L, ( , )) is indefinite, a classical theorem of Meyer [5] asserts that for ( , ) to be anisotropic it is necessary that 222 < 4.) When the signature of (L, ( , )) is (2, 1), the corresponding symmetric space is the upper half-plane, so that T is a Fuchsian group. When (L, ( , )) is isotropic, T contains a nonabelian free subgroup of finite index. When (L, ( , )) is anisotropic, Y contains, as a subgroup of finite index, a surface group Z+ ; that is, the fundamental group of an orientable surface of genus g > 2, having a presentation of the form 2Zg = (Xx, ... , Xg, Yx, ... , Yg: l[XrYrX~ Y~ ) .
We summarise these observations. Proposition 1.1. Let F be the automorphism group of a nondegenerate integral quadratic form of signature (2, 1); then T is finitely generated, and (i) T contains a surface subgroup of finite index when (L, ( , )) is anisotropic; (ii) T contains a nonabelian free subgroup of finite index when (L, ( , )) is isotropic.
Let G be a linear algebraic group defined and semisimple over Q ; we may take G to be imbedded Gq c GL"(Q). By an arithmetic subgroup of G, we mean a subgroup T of Gk which is commensurable with Gz = Gq n GL"(Z). This does not depend on the particular imbedding Gq c GL"(Q) chosen. Moreover, for such a subgroup T, GR/T has finite invariant volume. Let AcGc denote the Zariski closure of a subgroup A c Gr .
We begin by observing the following, where [r, T] denotes the commutator subgroup of T. Proposition 1.5. Let L be a finitely generated free abelian group, and let ( , ): IxL-tZ be a nondegenerate symmetric integral bilinear form which splits as a direct sum
, )) where f > 2, and each rkz(L,) > 2. Let G (resp. G,) be the linear algebraic group whose group of k-rational points is Autk(L <g> 2c, ( , )), (resp. Autk(Lj <g> k, ( , ))), and let
Proof. Put A, = rkz(L;), and A = £A,-. H and AG(H) are both linear algebraic subgroups of G, defined over Q, and the groups of real points, Hr and (Ag(H))r respectively, are Lie groups possessing only finitely many connected components. Observe that Gc (respectively G,,c) is isomorphic to 0(X, C) (respectively 0(A,, C)), so that, by Corollary 1.4, He is a subgroup of finite index in (Ag(]H))c . Thus the identity components of the corresponding real groups are equal; that is, HK.o = (Ag(H))r;0. The conclusion follows since Autz(Li, ( , )) x • ■ • x Autz(L/, ( , )) and 'NG(U) n Autz(L, ( , )) are both arithmetic in Nq(W) , and
). D
Normal subdirect products
By a product structure on a group G we mean a finite sequence 2? = (Gr)i<r<" of (nontrivial) normal subgroups of G such that G is the internal direct product G = G\ o ••• o G"\ that is, each g £ G can be expressed uniquely as a product g = gi ■ ■ ■ gn with g¡ £ G¡. For a group G having a product structure 2? = (Gr)i<r<n , we identify G with the external direct product T["=l G¡ .
Let 7t,: n"=1 Gj -» G¡ be the projection onto the ith factor; a subgroup H License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use of rj"_, Gi is a subdirect product of G (or more accurately, of 2?) when Tti(H) = G i for each i. Let S(GX, ... , G") the set of normal subdirect products of Gx o • • • o G" ; that is, subdirect products which are also normal subgroups. We now consider subdirect products of abelian groups; it is more convenient to write our groups additively, and to confuse direct products with direct sums. Thus suppose that A = Ax © A2 where Ax is a free abelian group of rank ri > 2, and A2 is a finitely generated abelian group such that ^/Tor^) has rank r2 > 1. , A2) , by extending its natural action on Ai via the identity on A2, we see that Aut(-di) also acts naturally on S(AX, A2). On taking A = A(X, Y) for some suitable oriented splittings X = (Mx, Nx, ex) and Y = (MY, Ay, ev) for Ax and ,42/Tor(,42) respectively, we obtain Theorem 3.1. Let Ax, A2 be finitely generated abelian groups such that Ax is free abelian of rank r\>2, and A2/Tor(A2) has rank r2 > 1. Then there is a subdirect product A c A\ © A2, and an infinite subset 8 c Aut(Ax) such that 0(A) ¿ it(A) for 9, a £ 6 such that 6 ¿a.
Infinite families of nonconjugate isomorphic imbeddings
Let Ai be a nonabelian free group of finite rank 221 > 2, and let A2 be a finitely generated group such that A|b is infinite. Put A¡ = Af° for 2 = 1,2. Since Ay = Zw and A2 maps epimorphically onto Z, we may apply Theorem 3.1 to obtain the existence of a faithfully indexed family (9(A))ee& of normal subdirect products of Ax © A2, where 9 ranges over some infinite subset 6 of Aut(^i) Si GLm(Z). As we have seen, v~x : S(Af>, Af ) -> S(AX, A2) is bijective. Put T = v~x(A); then T is a normal subdirect product of Ai x A2, and so is finitely generated by Theorem 2.2. Furthermore, the group Aut(Ai) x Aut(A2) acts naturally on subgroups of Ai x A2, and the orbit of T under this action consists entirely of normal subdirect products of Aj x A2. In fact, we need only consider the subgroup Aut(Aj) = Aut(Ai) x {1} of Aut(Ai) x Aut(A2). Since At is free, by a theorem of Nielsen [7] , for each automorphism 6 of A1 = Af> we may choose a lifting of 9 to an automorphism 9 of A! = Ai x {1}. Put Te = 9(F). It is clear that r0 is isomorphic to T. We may summarise our progress so far thus: Theorem 4.1. Let A! be a nonabelian free group of finite rank m > 2, and let A2 be a finitely generated group which maps epimorphically onto Z ; then there is a subset 8 C Aut(^i) which parametrises an infinite family (Te)eee of mutually isomorphic finitely generated normal subdirect products of Ai x A2 with the property that Te ^ ra for 9 ± a.
The analogue of Theorem 4.1 in which A] is replaced by the fundamental group of a closed orientable surface is also true; we proceed to outline the necessary variations.
Let Z+ denote the closed orientable surface of genus g > 2, and let T+ denote its fundamental group; 2£ = Ui,...,Xg, Yi, ... , Yg: f[XrYrX-xYr-l\ .
We may identify the abelianisation Hx (Z+ ; Z) of X+ with 12g , and the intersection form on Yß+ gives rise to a nondegenerate skew-symmetric bilinear form ( , ) : I?8 x Z2g -> Z. With this identification, symplectic automorphisms of Z2g lift back to automorphisms of Z+ = 7ii(L+), with transvections lifting back to Dehn twists.
Let {ei, ... , eg, <pi, ... , 4>g} be the standard symplectic basis for ( , ) ; that is, (e,, e.) = (4>i ,4>j) = 0; (e¡, 4>j) = S^.
In constructing subdirect products in Ax © A2, as in §3, where now A\ = Hi (1+ ; Z) =-Z2g , we take our "basepoint splitting" X of Ax to be of the form Ax = Mx © Nx , where Spanz{ei, ...,eg} c Mx and Nx c {<t>x, ... , <f>g} .
There is an infinite set of such splittings which we parametrise by suitable elements of the group Sp2^(Z). With these modifications, we obtain the following analogue of Theorem 4.1.
Theorem 4.2. Let Ax be a surface group of genus g > 2, and let A2 be a finitely generated group which maps epimorphically onto Z; then there is a subset 0cSp2?(Z) which parametrises an infinite family (re)eee of mutually isomorphic finitely generated normal subdirect products of Ax x A2 with the property that Te ^ Ta for 9 ^ a. where (Lx, ( , )) has signature (2, I), and Autz(L2, ( , )) has a subgroup of finite index which maps epimorphically onto Z. Then there exists an infinite family (r(T)(Tej; of mutually isomorphic finitely generated nonconjugate subgroups of Autz(Li,( , ))xAutz(L2,( , )). Proof. Autz(L,, ( , )) is a finitely generated linear group, and so, by Selberg's Theorem, has a torsion free subgroup, A, say, of finite index. Suppose that (Lj, ( , )) has signature (2, 1) ; if (Lx, ( , )) is isotropic, then Ai is free, whilst if (Li, ( , )) is anisotropic, then Ai is a surface group. Either way, if A2 maps epimorphically onto Z, we may apply the results of Theorems 4.1 and 4.2 to conclude that there is an infinite family, (Ts)eee, of mutually isomorphic finitely generated normal subdirect products of Ai x A2 . Moreover, since the family (Te)eee consists of normal subgroups of Ai x A2, we see that no r# is conjugate in Ax x A2 to any Ta for 9 ^ a.
Since A! x A2 has finite index in Autz(L[, ( , )) x Autz(L2, ( , )), each
Tß is conjugate in Autz(Li, ( , )) x Autz(L2, ( , )) to at most finitely many Ta . In particular, we may choose an infinite subfamily (Ta)açz, so that no two distinct elements are conjugate in Autz(L(, ( , )) x Autz(L2,(,)). D
Although not conjugate in A\xl%(Lx, ( , )) x Autz(L2, ( , )), subgroups in the family (Ya)oçz just constructed may become conjugate in Autz (L, ( , ) ). We show, however, that for each t £ Z, the set {a £ X: rCT is conjugate to TT in Autz(L, ( , ))} is finite. Theorem 4.4. Let ( , ) : LxL ^> Z be a nondegenerate symmetric bilinear form on a finitely generated free abelian group L, such that (L, ( , )) splits as an orthogonal direct sum
where (Lx,( , )) has signature (2, I), and Autz(L2, ( , )) has a subgroup of finite index which maps epimorphically onto Z. Then there exists an infinite family (Tw)weçi of mutually isomorphic finitely generated subgroups of Autz(L, ( , )) such that rw ¿j 220Í conjugate, in Autz(L, ( , )), to Fß for co^p.
Proof. Let G (resp. G,) be the linear algebraic group whose group of 2c-rational points is Aatk(L ® k, ( , )) (resp. A\xtk(L¡®k,( , ))), and let H = Gi x G2 c G. Let rCT, TT be subgroups from the family constructed in Theorem 4.3, and suppose that for some g £ Autz(L, ( , )), gTag~x = TT. Since Ta , TT are normal subdirect products of Ai x A2, then by [3] ,
Since (Lx, ( , )) has signature (2, 1), it follows that Gi is Q-simple, and Gi,r is noncompact. The condition that Autz (L2, ( , ) ) has a subgroup of finite index which maps epimorphically onto Z implies that (L2, ( , )) is indefinite, and that rkz(L2) > 3. If rkz(L2) ^ 4 then G2 is Q-simple, and G2R is noncompact. If rkz(L2) = 4 then either G2 is Q-simple, and G2;r is noncompact, or G2 is a product L) xL2 where L[ and L2 are both Qsimple, and LijR, L2jR are both noncompact. Either way, if L is a Q-simple factor of Gi x G2, then LR is noncompact; applying (1.2) we conclude that Denote the index of Autz(L[, ( , )) x Autz(L2, ( , )) in NG(E) n Autz(L, ( , )) by q . For each t g X, the set CT = {a £ X: Ya is conjugate to TT in Autz(L, ( , ))} has cardinality bounded by a. By (1.5), a is finite, so that each CT is finite. Let Q be a subset of X obtained by choosing exactly one element from each CT ; then Q. is infinite, and the family (rw)weçi consists of isomorphic finitely generated subgroups of Autz(L, ( , )), and has the desired property that T^ is not conjugate, in Autz(L, ( , )), to TM for co t¿ p . D Analogously, we show 
) where (Lx, ( , )) has signature (2, I), Autz(L2, ( , )) has a subgroup of finite index which maps epimorphically onto Z, and where (L3, ( , )) is indefinite with rkz(Z.3) > 3. r/2ev2 there exists an infinite family (A(U)Ct)6£i of mutually isomorphic finitely generated nonconjugate subgroups of Autz (L, ( , ) ). Proof. Let (T")aei. be the family of mutually isomorphic finitely generated nonconjugate subgroups of Autz(Li, ( , )) x Autz(L2, ( , )) constructed in Theorem 4.3, and for each a £ X, put Aa = Ta x Autz(L3, ( , )) C Autz(Li, ( , )) x Autz(L2 , ( , )) x Autz (L3 , ( , ) ).
Let G (resp. G;) be the linear algebraic group whose group of 2c-rational points is Autfc(L ® k, ( , )) (resp. Autk(Li ® k, ( , ))), and let H = Gx x G2 x G3 c G. As in the proof of If rkz(L3) t¿ 4 then G3 is Q-simple, and G3;R is noncompact. If rkz(L3) = 4 then, since (L3, ( , )) is indefinite, either the identity component of G3;r is isomorphic to SO(3, 1) and G3 is Q-simple, or G3R is locally isomorphic to a product SO(2, 1) x SO(2, 1) ; either way, if L is a Q-simple factor of G, then LR is noncompact, so that we may apply Proposition 1.2 to conclude that [A3, A3] = G3, and
As in the proof of Theorem 4.4, for each x e X, the cardinality of the set CT = {a £ X: A0 is conjugate to AT in Autz(L, ( , ))} is bounded by the index, a, of Autz(Li, ( , ))xAutz(L2, ( , ))xAutz(L3, ( , )) in NG(M) n Autz(L, ( , )). By Proposition 1.5, a is finite, so that each CT is finite. Let ÇI be a subset of X obtained by choosing exactly one element from each Cx ; then £2 is infinite, and the family (Aw)(ueQ consists of isomorphic finitely generated subgroups of Autz(L, ( , )), and has the desired property that Aw is not conjugate, in Autz(L, (,)), to AM for to ^ p. D
The referee points out that the condition "Autz(L2, ( , )) has a subgroup of finite index which maps epimorphically onto Z", is precisely the same as requiring that (L2,( , )) have signature (22, 1) for some 22 > 2. Indeed, if Autz(L2, ( , )) has a subgroup T of finite index which maps epimorphically onto Z, then HX(F, Z) is infinite, so that, by Kazhdan's Theorem [4] , (L2, ( , )) has signature (22, 1) for some 22 > 2. Conversely, Millson [6, §4] has shown that for any nondegenerate integral quadratic form (L, ( , )) of signature (22, 1), with 22 > 2, there exists a subgroup T of finite index in Autz(L, ( , )) for which HX(T, Z) is infinite; in particular, F maps epimorphically onto Z. Combining this observation with Theorems 4.4 and 4.5, we obtain Corollary 4.6. Let ( , ): L x L -► Z be a nondegenerate symmetric bilinear form on a finitely generated free abelian group L, such that (L, ( , )) splits as an orthogonal direct sum (L,( , » = (L,,< , »X(L2,< , ))X(L3,< , » where (Lx, ( , )) has signature (2, 1), (L2, ( , )) has signature (n, 1) for some 22 > 2, and either L3 = 0 or (L3, ( , )) ¿s indefinite with rkz(L3) > 3. Then there exists an infinite family (Atû)weçi of mutually isomorphic finitely generated nonconjugate subgroups of Autz(L, ( , )).
Our concern in this paper has been with conjugacy of subgroups within the discrete group Autz(L, ( , )). From a different viewpoint, our results can be seen as a failure of the rigidity property for subgroups of infinite covolume within the corresponding Lie group Autg(L ®z R, ( , ) <g> 1) ; recall that the groups Fa we construct all have infinite index in Autz (L, ( , ) ). If G is a noncompact linear almost simple Lie group with rankR > 2, then in consequence of the super-rigidity theorem of Margulis, when A is a discrete subgroup of finite covolume in G there are only finitely many G-conjugacy classes of discrete finitely generated subgroups isomorphic to A. The arguments of the present paper can be extended to show that under the hypothesis "A is finitely generated, discrete, of infinite covolume in G", the number of G-conjugacy classes of discrete finitely generated subgroups isomorphic to A becomes infinite in general. We will pursue this idea more fully elsewhere.
